Introduction
In this paper we shall study nonperiodic connected components of the stable AuslanderReiten quiver of a reduced enveloping algebra u(L; ) associated to a restricted Lie algebra (L; p]). According to earlier results (cf. 13, 15] ) the tree classes of these AR-components are either Euclidean diagrams, or the in nite Dynkin diagrams A 1 , D 1 , A 1 1 . In the context of nite groups K. Erdmann has recently shown that the latter two trees cannot occur for wild blocks (cf. 12]). As demonstrated in 13, 18 ], a similar result holds for the restricted enveloping algebra u(L) := u(L; 0) in case the underlying Lie algebra L is nilpotent and of characteristic p 3. Here neither tame blocks nor components of tree class A 1 1 or D 1 exist. For p = 2 the restricted enveloping algebra of the 2-unipotent Heisenberg algebra possesses components of tree class A 1 1 . Presently, no Lie algebra admitting components of tree class D 1 is known, and recent work 19] suggests that such components will be rather exceptional.
In default of a general block theory for enveloping algebras one is led to either employ geometric techniques (cf. 19]), or to focus on those cases, where the block structure of u(L; ) is governed by well-understood \linkage principles" (cf. 13, 17, 18] ). The former are most e ective for Lie algebras of algebraic groups, while the latter for instance play a rôle in the AR-theory of supersolvable Lie algebras.
Our paper can roughly be divided into two parts. The purpose of sections 1 through 3 is to furnish basic properties of components of in nite Dynkin type. By using a modi cation of a recognition criterion due to K. Erdmann 12] , we provide in section 2 general results pertaining to the aforementioned components. Components of tree class A 1 are discussed in section 3. In particular, we show that such a component contains at most one module of length 2.
The second part combines these results with geometric techniques in case L = Lie(G) is the Lie algebra of an algebraic group G. In this setting the adjoint representation Ad : G ?! GL(L) induces for every linear form 2 L an action of its stabilizer G on the set of stable Auslander-Reiten components of u(L; ). Following some technical preparations, we turn in section 5 to the study of AR-components of restricted enveloping algebras for Lie algebras of reductive groups. We focus on invariant components, i.e., those that are xed by the above action. In view of 20, (2.
2)] these are precisely those components whose vertices are Ad-stable in the sense that twisting of the module by the adjoint representation yields an isomorphic module. Components of Euclidean tree class, and those containing indecomposable constituents of rational G-modules belong to this class. Our main results, Theorems 5.2 and 5.5, show that invariant components are of type Z A 1 ] or Z Ã 12 ], with the latter occurring only if SL (2) or PSL(2) is a direct factor of G. In particular, Z Ã 12 ] is the only component of Euclidean tree class, a result that contrasts with the absence of such components for group algebras of nite groups of characteristic p 3 (cf. 40] ). The same methods a ord the determination of those blocks of the restricted enveloping algebras of the Lie algebras of reductive groups that possess a simple module of complexity 2 (cf. (5.2)). These turn out to be full matrix algebras over blocks of u(s`(2)), thereby providing in this context a re nement of Voigt's work (cf. 51]) on tame enveloping algebras. In view of the Morita equivalence given in 26], our results continue to hold for reduced enveloping algebras whose de ning linear forms belong to the Zariski dense subset of semisimple elements. However, for the so-called nilpotent linear forms di erent phenomena are known to occur (cf. 17, 44] ).
In the nal section we illustrate how recent results by Suslin, Friedlander and Bendel 49] may be employed to study blocks of higher Frobenius kernels of reductive groups. Although some important features of the theory no longer hold in this context, one can still determine the Morita equivalence classes of the tame blocks (cf. (7.1)).
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Preliminaries
The purpose of this preparatory section is to modify various ideas of 12] to obtain information concerning modules belonging to components of tree classes A 1 1 ; D 1 andD n .
Let be a Frobenius algebra, de ned over a eld F, with where H(P) := Rad(P)=Soc(P) is the heart of P. The standard sequence is the only almost split sequence involving P.
The following result slightly modi es a very useful criterion by K. Erdmann (cf. 12, (1.5)]). We formulate it for Frobenius algebras with Nakayama automorphism of nite order. All nite-dimensional Hopf algebras are known to enjoy this property (see 23] Note that the eigenvalue function relative to an abelian p-subalgebra K L extends in a unique fashion to a homomorphism : u(K; j K ) ?! F of F-algebras.
Recall that a p-subalgebra T L is called a torus if the p-map is injective on T. Tori are known to be abelian. Given a p-subalgebra K L and a u(L; )-module M, we will occasionally write Mj u(K; j K ) for the restriction of M to u(K; j K ).
We will require the following subsidiary result: Lemma 1. 
If this sequence is almost split, then 2, (X.1.6)] provides a principal indecomposable module P and maps u : A ?! P and v : P ?! C such that
?! C ?! (0) is almost split. In particular, C = P=Soc(P) and B is a direct summand of H(P), contradicting the surjectivity of g. Consequently, k (g) is right properly irreducible.
Directly from the de nition we obtain V L (
We may now apply (1.1) to see that dim F k (A) `: is the almost split sequence originating in B. Since g is surjective, it follows that P 6 = (0) is a principal indecomposable module and that B = Rad(P); C = H(P). Remark. The foregoing results actually characterize components of tree class A 1 1 and D 1 in the sense they are precisely the nonperiodic, regular components admitting a properly irreducible homomorphism with periodic kernel or cokernel.
We continue by studying periodic kernels and cokernels of irreducible homomorphisms of components of tree classes D 1 or A 1 1 .
Lemma 2. (1) There exists a surjection (A) ( . Since contains at most nitely many projective meshes, there exits n 0 2 such that no module of quasilength n 0 belongs to a projective mesh.
Suppose the Lemma fails. Pick an irreducible map f : A ?! B with quasilength q`(A) n 0 and q`(B) = q`(A)+1, i.e., an arrow pointing towards in nity. Since the Lemma fails, either n (f) is surjective for every n 2 Z or n (f) is injective for every n 2 Z. By the same token, passage to ( ) allows us to assume that f is surjective. It now follows from the mesh relations that all arrows pointing towards in nity involving modules of quasilength n 0 are surjective, a contradiction. 2 Proposition 2.6 Suppose that ? s (L; ) is a component of tree class A 1 1 ; D 1 , and let A be the kernel or cokernel of a properly irreducible map satisfying (a) or (b) of (2.5). Then A is periodic and has one of the following properties:
(1) There exists an isomorphism (A) = A (k) for some k 2 f0; : : : ; p ? 1g, or
Proof. Let : B ?! C be the properly irreducible map given in (2.5). Without loss of generality we may assume that and ?1 ( ) are surjective. According to (2.1) the module A := ker is periodic. Suppose that (2) 
The assumption n = 0; 1 implies`(P ) 3, which contradicts (1). Now suppose that n 2. It follows that 2(n?1) (M) = (P=Soc(P )) (1?n) whence and we have (Q) 6 = Q, so that is not surjective. Hence is not injective and thereby factors through the projection Q ?! Q=Soc(Q). Consequently, factors through the projective module Q.
The discussion above implies that dim F Hom u(L; ) ((P=Soc(P )) (1?n) ; M) 1, and we may now apply 15, (2.1)] to conclude that M is periodic, a contradiction.
It remains to consider the case where n < 0. In that situation we have Ext ?2n u(L; ) (M; M) = Hom u(L; ) (M; 2n (M)) = Hom u(L; ) (M; Rad(P) (?n) ):
By dualizing the arguments of the rst part, we see that the former space has dimension ?! (0) with P projective indecomposable or P = (0). If P 6 = (0), then X = Rad(P), so that P is uniserial of length 2. It readily follows that X is periodic, a contradiction. Thus, P = (0) and ?1 (X) is simple, which contradicts (3.1). We conclude that ' is surjective. Dually, 1) ), where the entries denote the Loewy factors of P. From Rad(P) = (P=Soc(P )) = 2 (P=Soc(P )) (1) we obtain Ext 2 u(L; ) (P=Soc(P ); P=Soc(P)) = Hom u(L; ) (Rad(P ) (?1) ; P=Soc(P)):
If Rad(P) (?1) is isomorphic to P=Soc(P), then P=Soc(P) is periodic, a contradiction. Consequently, the space Hom u(L; ) (Rad(P ) 
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In particular, S = S (?1) so that P = U(S; X; X; S).
Letting : Rad(P) , ! P, and : P ?! P=Soc(P) be the natural maps, we readily see that 6 = 0. This, however, contradicts the above equality of dimensions. (1) There exist simple modules S 1 , S 2 for u(K 1 ) and u(K 2 ), respectively such that S = S 1 F S 2 . Moreover, S 2 is u(K 2 )-projective and dimV K 1 (S 1 ) = 2.
(2) K 1 = s`(2). 
Thanks to the Block-Wilson classi cation theorem 5], the algebra K 1 is either classical or of Cartan type. In the latter case 19, (2.7)] shows that dimV K 1 (S 1 ) 3, a contradiction. In particular, K 1 is classical simple. The arguments of 19, (2.5)] now yield K 1 = s`(2) and dimV K 1 (S 1 ) = 2. Consequently, dimV K 2 (S 2 ) = 0, so that S 2 is u(K 2 )-projective.
(3). For i 2 f1; 2g let C i u(K i ) be the block associated to the simple module S i . Then C 1 F C 2 is an indecomposable module for the enveloping algebra
as well as a direct summand of u(L). Since S 2 is simple and projective, Wedderburn's Theorem shows that C 2 = Mat n (F ) for some n 1. Consequently, B = C 1 F C 2 = C 1 F Mat n (F ) = Mat n (C 1 ):
In particular, B and C 1 are Morita equivalent, and there is an isomorphism ? s (B) = ? s (C 1 ). By our example above, the latter quiver has the asserted form and C 1 is tame. 2
Remark: If K 1 is known to be classical, then the foregoing result is valid for p > 3.
Given a block B u(L; ) and a number n 2 N 0 , we will say that B has complexity n (c B = n) if n is the minimum of the complexities of all simple B-modules. Proof. (1), (2) . Let be nonregular. According to 52, Thm.A] this is automatically the case if has Euclidean tree class. By de nition, is attached to a principal indecomposable module P and the type of the simple module S := Top(P) is contained in ?1 ( ) = .
Since u(L) is isomorphic to N n i=1 u(L i ), general theory (cf. 10, x10.E]) provides for every i 2 f1; : : : ; ng a simple u(L i )-module S i such that S = S 1 F S 2 F F S n : The arguments of the proof of (4.1) show that
Hence there exists i 0 such that V L i 0 (S) 6 = f0g.
According to 19, (2.6)] the module S is not periodic. Thus 15, (5.7)] implies that the tree class of is either Euclidean, or A 1 1 , or D 1 , or A 1 . Suppose the tree class of belongs to one of the rst three types. We conclude the proof of (1) by supposing all nonregular components to have tree class A 12 . Then the component containing the trivial u(L)-module has a two-dimensional support variety and
Thus, n = 1 and L 1 = s` (2) 
in conjunction with the foregoing observations readily yields the projectivity of S. Finally, let S be a simple B-module of complexity 2. Thanks to the formula above, there exists i 0 such that V L i 0 (S) 6 = (0). Consequently, (3) of (4.1) yields the desired result. 2
Remark. If L is classical, then the conclusions of (4.2) are valid for p > 3.
AR-Components of Reductive Lie Algebras
Throughout this section we shall study those components of the stable Auslander-Reiten quiver of the Lie algebra L associated to a connected reductive algebraic group G that are invariant relative to a natural action of G. We Consequently, the isotropy group P 0 of x 0 ] is parabolic. The assumption P 0 = G implies that Fx 0 L is invariant under the adjoint representation. Hence Fx 0 is a p-unipotent ideal of L. As L is reductive (cf. 29, (11.8)]), it follows that x 0 = 0, a contradiction. Thus, in view of dim Proj(V L (M)) = 1, we have dim P 0 = dim G?1.
Using the arguments of 6, Prop.13.13] we see that the action of G on G=P 0 induces a surjective homomorphism ' : G ?! PGL 2 of algebraic groups. It follows that there exists exactly one index i 0 2 f1; : : : rg such that '(G i 0 ) = PGL 2 . Without loss of generality, we have i 0 = 1. Thus, setting K := G 1 and H := G 2 G r Z(G) we have dim K = 3 and H ker ' P 0 . Since (G i ; G j ) = f1g for i 6 = j, the p-ideals Lie(K) = s`(2) and Lie(H) commute with each other. Hence Lie(H) C L (Lie(K)), the centralizer of Lie(K) in L. Since Lie(K) is complete (centerless with all derivations being inner), it readily follows that
This shows that L = Lie(K) Lie(H): (2) . Let M be indecomposable. Owing to 24, (2. (2). Suppose that G is solvable and let B u(Lie(G)) be a block. According to 16, (2.2)] B is isomorphic to the restricted enveloping algebra of a suitably chosen factor algebra of Lie(G), which by virtue of 51, Thm.4] is not tame.
(3). Let G be reductive. Recall that a block B u(L) is said to be biserial if the heart of each principal indecomposable B-module is a direct sum of at most two uniserial modules. We note that, according to 9], biserial algebras are necessarily tame. Let P B be a principal indecomposable B-module. Since all known tame blocks of reduced enveloping algebras are biserial, it is perhaps of interest to observe the equivalence of the following statements:
(a) H(P) is decomposable (b) B is tame (c) B is biserial. Proof. (a) ) (b) . Suppose H(P) to be decomposable and let be the nonregular component containing Rad(P)]. Then Rad(P)] is not located at an end of , and a consecutive application of 19, (4. In the remainder of this section we will be concerned with the determination of the invariant components of ? s (L). These arise in the following fashion. Let M be a rational G-module for a connected, reductive group G. The 
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According to (5.1) there exists a normal, connected, quasi-simple subgroupG G such that K = Lie(G). Since Mj u(K) is Ad-stable relative toG the arguments preceding (5.5) show that each N i is Ad-stable relative toG. In particular, each variety V K (N i ) isG-invariant and dim V K (N i ) = 2. As a result, N i ] 2 0 1 1 i q.
The arguments of (b) also show the validity of (e) Suppose that is surjective. There exists a principal indecomposable B H -module P and i 2 f0; 1g such that A , ! U(S i ; S 1?i ) F P. Let P be an arbitrary principal indecomposable u(H)-module. Given 
21
It now follows directly from (b) and (2) Owing to (d) the rst isomorphism yields Aj u(H) =`P and ?1 u(L) (A)j u(H) = kP, while the second implies ?1 u(L) (A)j u(H) = sQ. Hence P = Q, and we concludè (A) 2`(P ) ;`( ?1 u(L) (A)) 2`(P ); while`( A) +`( ?1 u(L) (A)) = 4`(P ): Consequently,`(A) = 2`(P ) =`(U(S i ; S 1?i ) F P), and A = U(S i ; S 1?i ) F P. We are now in a position to derive the desired contradiction. Since u(L) (A) = u(K) (U(S i ; S 1?i )) F P) = U(S 1?i ; S i ) F P; it follows that u(L) (A) 6 = A. On the other hand, the K unneth formula yields Ext 2 u(L) (A; A) = Ext 2 u(K) (U(S i ; S 1?i ); U(S i ; S 1?i )) F Hom u(H) (P; P): 22 As B H is symmetric and not simple, we have dim F Hom u(H) (P; P) 2. Consequently, dim F Ext 2 u(L) (A; A) 2. This, however, contradicts (2.6) and the proof is complete. Proof. Let T G be a maximal torus. Following the notation of 33] we denote the simple G-module of dominant highest weight by L( ).
Since G has rank r 3 its Dynkin diagram = f 1 ; : : : ; r g contains a subdiagram I := f i ; j g of type A 2 . We let f! 1 ; : : : ; ! r g denote the set of fundamental weights and consider the Weyl module V ( ) of highest weight := (p?2)! i +! j . Since is \restricted", L( ) is a simple u(Lie(G))-module ( On the other hand, Freudenthal's formula shows that dim F V ( ) = 2 ; dim F V ( ) ? k = 1 k 2 fi; jg:
Let L = Lie(G) be the Lie algebra of a reductive algebraic group G whose derived group (G; G) is simply connected. We will also assume that p = char(F) is good for L. For 
Blocks of Higher Frobenius Kernels
In this nal section we provide a partial generalization of (5.2) to higher Frobenius kernels. As before we let G be a connected, reductive group, de ned over an algebraically closed eld
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If dim V SL(2)r (S 1 ) = 0, then V Gr (S) = V Hr (S 2 ) and G stabilizes the point x 0 ], a contradiction. Thus, dim V SL(2)r (S 1 ) = 2, and dim V Hr (S 2 ) = 0. Consequently, S 2 is projective and B 2 is a matrix ring over k. There results an isomorphism B = Mat n (B 1 ). 
